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ABSTRACT
In a modelling setting, the anti-competitive system of rational difference equations in the plane
Yn Xn
Xnaq = = , h=0,12,....
" A By +Cry " Ayt By, + Gy,

System so-called anti-competitive system is know as system (39,39). In a modelling setting system
represents evaluation of a system ot two species, where each species in n-th generation helps the
growth of the other in (n+1)-th generation (cooperation), while at the same time is decreasing its own
size (self-inhibition). In this paper we will investigate the rate of convergence of a solution that

convergence to the equilibrium El(0,0) of a rational system of difference equations in the plane,
where the all parameters are positive numbers, and conditions xy and yq are arbitrary non-negative

numbers.
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1. INTRODUCTION
The system of a difference equations

Yn Xn
X 1= y 1= f n=0,1,2,.... (1)
A B, +Cyy 1 Ag +BoX, +Cavp

where the parameters A, B;,C;, Ay, B, and C, and are positive numbers, and initial conditions x
and yg are arbitrary nonnegative numbers, has been investigated in [7].

System (1) provides an example of dynamics that is characters for anti-competitive systems. The
global dynamics of many subsystems of (1) can be obtained by taking one or more parameters to be 0

in our results. The equilibrium points (i, 7) of a system (1) satisfy the system of equations

. X
% ) re— (2)
A +BX+Cy Ay +BoX+Cyy
The equilibrium of system (1) are E; =(0,0) wich always exists, and E, =(¥,7) for x=0, y=#0

from the system (2) can be obtained

X =

! Correspodening author.

! AMS Subjet Classification: 39A10, 39A11, 39A20.

V(A +Coy X X

V(L_ZY),V?&A, yzLEil), y;ti (3)
1-Byy B, 1-CiX C

These two equilibrium curves intersect in the first quadrant at the points: E; =(0,0) and E, =(X,Y¥).

X =
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Analysis linearized stability indicates several cases with different asymptotic behavior depending on
the values of parameters A, B;,C;, Ay, B, and C..

The following global asymptotic stability result has been obtained in [7].

Theorem 1.1

a) Assume that A/A, >1. Then system (1) has unique equailibrium solution E; =(0,0) which is
globaly asymptotic stable.

b) Assume that Aj/A, =1. That system (1) has a unique equilibrium solution E; =(0,0) which is non-
hyperbolic and is a globaly attractor.

Our goal is a to investigate the rate of convergence of solution of a system (1) that converges to the
equilibrium E; =(0, O) in the regions parameters described in Theorem 1.1. The rate of convergence

of solutions that convergence to an equilibrium has been obtanied for some two-dimensional system
in [3], [4] and [8]. The following results gives the rate of convergence of solutions of a systema
difference equations

Xneg =[A+B(N) xn, 4)
where X, is a k-dimensional vectors, AeC* s a constans matrix, and B:Z* —C**¥ is a matrix

function satisfying
|B(n)|—0 when n— oo, (5)

where | -|| denotes any matrix norm which is associated with the vector norm.

Theorem 1. 2. ([5]) Assume that condition (5) hold. If x,, is a solution of system (4), then either
Xn =0 for all large n or

= lim 0jf|ix 6
p= tim ] ©)
exist and is equal to the moduls of one the eigenvalues of matrix A.

Theorem 1. 3. ([5]) Assume that condition (5) hold. If x,, is a solution of system (4), then either
Xn =0 for all large n or

o= lim Xneal )

N> [|Xp|
exist and is equal to the moduls of one the eigenvalues of matrix A.

2. RATE OF CONVERGENCE
In this section we will determinate the rate of convergence of a solution that converges to the

equilibrium E; = (0, 0), in case describe in Theorem 1.1. But, we will prove this generally theorem.

Theorem 2.1 Assume that a solution {(xn,yn )} of a system (1) converges to the equilibrium

E=(X, 7) and E is globally asymptotically stable. The error vector

. _ el _(xn—YJ
" er% Yn—Y

of every solution x,, =0 of (1) satisfies both of the following asymptotic relations:

nlinoo,”men”=‘ki(JT(E))‘ for some i=1,2, (8)
and

i lenall i

n"—Tn ool _‘k,(JT(E))‘ for some i=1,2 9)
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where \xi (JT (E))‘ is equal to the modulus of one the eigenvalues of the Jacobian matrix evaluated

at the equilibrium J1 (E).
Prof. First we will find a system satisfied by the error terms. The error terms are given

Yn y _Yn('ASL‘FBlX*‘ClV)_V(AL‘FBan‘*‘qyn)

L B +C ABRACY (A + B+ Cryn) (A4 BX+CyY)
 (ABE(Y)-BY(q-T)
n+1 - — —
(AL +Bxy +Cryn ) (AL +BX +CrY)
_x— (AL+BiX) . —B,X .
X Bty o)A B G ) (A Gy )
and
e Xn _ X _Xn(A2+Bzi+C27)—Y(A2+82Xn+C2yn)
Yni1 y_A2+Bzxn+C2yn A2+BZY+C27_ (Ay +Byxy +Coyn )(Ap + BoX +Cy¥)
You —F = (A2 +Co¥)(Xn —X)—CoX(yn —¥)
n+ (Ap +BoXp +Coyp )( Ay + BoX +CyY)
_v= (A2 +CoY) s —Coy .
Y y_(A2+BZXn+C2yn)(A2+BZX+C27)(Xn X)+(A2+BZXn+C2yn)( " Y)-
That is
e B . (A +B%) B
141X R B 1G] U A Bty 7 Cuy (A7 B Gy ) ”
= (A2 +CpY) o —Coy .
Yni1 y_(AQ+Bzxn+C2yn)(A2+Bzi+Czy)(Xn X +(A2+Bzxn+C2yn)(yn )

Set: e,l] =X, —X and eﬁ =Y, — Y. Then system (10) can be represented as

1 1 2 2 1 2
€n+1 =an€n +0nen, eny1 =dnen +Cpep,

where
—BiX A +BX
an = ] bn = — N\ !
A +BiX, +Cpyp (A1+len+clyn)(A1+BlX+C1y)
C _CZV d. = A2 +C27
n =

A +Byx+Coyn " (Ao +BoXy +Coyn ) (Ap +BoX +Co¥)
Taking the limits of a,, b,,c, and d,, , we obtain

lima, =—— X jimp, —— A TBX 5.

N— A+BX+ClY now (A1+|317+C17)

lim cnz#, lim d,, = Py +Coy -

N—>0 Ay +BoX+CoY nowo (A +BoX +C,Y)
that is: an=$+an, b, = A+BX > +Bn.

ATBX+GY (A +BX+Cyy)
—C,V oRY
an%'i"}/na dn= A2 2Y 2+6n,
A2+BZX+C2y (A2+827+C2)_/)

where o, =»0,B, =>0,y, >0 and &, -0 when n > .
Now we have system of the form (3): e,,q =[ A+B(n)]ey.
Thus, the limiting system of error terms can be written as:
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—BiX A +BiX
L1+ C.v o 2
i) | AVEXICT  (ArBricy) (el
e, Coy A +Coy . e2
A2+BZX+C2y (A2+82X+C27)
The system is exactly linearized system of (1) evaluted at the equilibrium E =(X,¥). Then Theorems
1.2 and 1.3 imply the result.

If we get E; =(X,¥)=(0,0), then we obtain the following result.

Corollary 2.1 Assume that a>1 and b>1. Then the equilibrium point E; =(X,y)=(0,0) is a

globally asymptotically stable. The error vector of every solution x,, =0 of (1) satisfies both of the
following asymptotic relations:

lim Offe, | =nli_r)rt1)0«”/xr2, + Y7 =[1i (37 (E))| for some i=1,2,

nN—o0

and
lim lenall lim «fx§+1+y§+1 =‘ki (Ir (E))‘ for some i=1,2,
n—o ||en|| n—o

where ‘ki (JT (E))‘ is equal to the moduls of one the eigenvalues of the Jacobian matrix evaluted at

the equilibrium J1 (E) i.e. A; 6{1%}
a
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